This paper contains a preliminary study of the monodromy of certain fourth order differential equations, that were called of Calabi-Yau type in [3] . Some of these equations can be interpreted as the PicardFuchs equations of a Calabi-Yau manifold with one complex modulus, which links up the observed integrality to the conjectured integrality of the Gopakumar-Vafa invariants. A natural question is if in the other cases such a geometrical interpretation is also possible. Our investigations of the monodromies are intended as a first step in answering this question. We use a numerical approach combined with some ideas from homological mirror symmetry to determine the monodromy for some further oneparameter models. Furthermore, we present a conjectural identification of the Picard-Fuchs equation for 4 new examples from Borcea's list and one constructed by Tonoli and conjecture the existence of some new CalabiYau three folds. The paper does not contain any theorems or proofs but is, we think, nevertheless of interest.
Introduction
A differential operator of order n on P 1 has the form L := a n (z) d n dz n + a n−1 (z)
where the a i (z) are polynomials. The set Σ ⊂ P 1 of singular points is given by the zeros of a n (z) and possibly z = ∞. The solutions to the equation Ly = 0 can be considered as a C-local system L of rank n on S := P 1 \ Σ. After the choice of a base point s ∈ P 1 \Σ, the information of L is given by the monodromy representation π 1 (S, s)−→ Aut(L s ) = Gl n (C)
A power series y 0 (x) ∈ Z[ [x] ] that satisfies a homogeneous linear differential equation as above is a G-function and a folklore conjecture that goes back to Bombieri and Dwork states that all such power series and differential operators are of a geometrical origin, [27] . This means that the operator should occur as a factor of a Picard-Fuchs operator describing the variation of a cohomology of a family ρ : Y−→P 1 , with singular fibres over Σ and defined over a number field. The local system L should then be a summand of a local system L C := R n ρ * (C Y ) |S . It follows among other things that the equation has regular 1 singularities with all exponents rational. It can be shown that the set of power series of geometric origin in this sense is closed under the ordinary product of power series and under the coefficientwise Hadamard product of series. On the level of local systems, the Cauchy product corresponds to the tensor product, whereas the Hadamard product correspond to the convolution of local systems. We refer to the books [5] and [21] for details.
The fourth order equations in [3] were collected with a stricter notion of geometrical origin in mind: by requiring that the operator admits an invariant symplectic form and gives rise to integral instanton numbers, it starts making sense asking for the existence of a one-parameter family Y−→P 1 of Calabi-Yau three folds, whose associated Picard-Fuchs operator for H 3 (Y s ) is the given one. The instanton numbers then should have the interpretation of counting curves on a mirror manifold X with Picard number one. The first 14 equations in the list in fact are the much studied hypergeometric cases, see [14] , [31] , [24] , [9] , [33] , [15] . Mirror pairs of Calabi-Yau threefolds obtained from Batyrev's polar duality of reflexive polytopes [7] yield a plethora of examples but usually with high Picard number, [23] . By taking restrictions to carefully chosen one-dimensional sub-loci these examples sometimes give rise to equations of Calabi-Yau type, but the instanton numbers computed in this way represent sums over different homology classes and there will not exist a Calabi-Yau three fold X with Picard number one with the given instanton numbers. Case 15 is an example of this phenomenon: it is the equation belonging to the diagonal restriction of CalabiYau family in P 3 × P 3 , see [9] . The list contains many more of such examples. The question is how can one see this from the differential equation alone.
In order to find the cases that are potentially of strict geometric origin, we remark that a geometrical local system L C carries a integral lattice L Z = R n ρ * (Z Y )| S and that Poincare-duality provides it with a unimodular pairing ·, · , which in our case is alternating. Hence the monodromy representation is in the symplectic group Sp(4, Z). For differential equations of hypergeometric type, the monodromy representation is explicitly known, essentially because the associated local system is rigid (Leveld's theorem, [12] , [21] ). This leads to the 14 hypergeometric cases mentioned above. For equations with three singular points which are not of hypergeometric type or for equations with more than three singular points, the monodromy representation is in general not determined by local data alone and we have the problem of accesory parameters. We do not know of any general method to determine the monodromy representation in such cases. We use a brute force numerical approach combined with ideas from homological mirror symmetry to conjecturally determine the monodromy for some further one-parameter models.
categories. To a Calabi-Yau space X one can associate two triangulated categories, namely the derived category of coherent sheaves D b (X) and a derived Fakaya-category DF (X) of lagrangian cycles (graded, with local systems on them) in X (see [16] ). The first category depends only on the holomorphic moduli, the second only on the symplectic, that is Kähler moduli. Mirror symmetry between Calabi-Yau spaces X and Y is then expressed as equivalences of categories.
Mir :
These equivalences induce isomorphisms between corresponding K-groups and via the Chern character to cohomology:
and hence between Kähler moduli H 1,1 (X) of X and complex moduli of H 2,1 (Y ) of Y . In the Strominger-Yau-Zaslow picture of mirror symmetry, [35] , [19] X and Y are represented as (real) singular torus fibration over a common base B. The fibres are dual tori and mirror symmetry should correspond to fibrewise T-duality. From this one can get some intuitive understanding of the mirror transformation on objects. In particular, the structure sheaf O p of a point p ∈ X gets mapped to a SYZ-fibre T (with a local system on it) in Y , the structure sheaf O X should map to the image S of a section σ : B−→Y of the fibration.
For any pair (E, F ) of objects of D b (X) the Euler bilinear form is defined by
which by Serre duality and triviality of the canonical bundle is (−1) n symmetric, where n := dim C (X). It descends via the Chern-character to a bilinear form ·, · on the cohomology H * (X, Q) of X, which by Riemann-Roch is given by
. Under the mirror transformation the form ·, · should correspond to the intersection form ·, · of the corresponding lagrangians. Indeed,
Monodromy in one-parameter models
From now on we assume that X and Y are strict Calabi-Yau three-folds and furthermore that they satisfy h 2,1 (Y ) = 1 = h 1,1 (X). This is the case of so called one-parameter models: Y varies in a one-dimensional moduli space and X has one Kähler modulus, Pic(X) = Z. In such a case one has dim H 3 (Y ) = 4 = dim H ev (X). To be specific, we assume that we have a proper map ρ : Y−→P 1 , smooth outside singular fibres that sit over point Σ ⊂ P 1 and furthermore that Y is the fibre over a base-point s ∈ P 1 \ Σ =: S. As the geometrical monodromy along a path γ ∈ π 1 (S, s) can be realised as a symplectic map M (γ) :
induces an autoequivalence of its symplectic invariant DF (Y ), thus setting up a homomorphism
which is a refined version of the ordinary monodromy representation of π 1 (S, s) on H odd (Y ). The group π 1 (S, s) is generated by paths that encircle one of the singular fibres of the family. The induced transformation is determined by the specific properties of the singular fibre. If the fibre aquires the simplest type of singularity, namely an A 1 -singularity ('conifold'), there is a vanishing lagrangian 3-sphere. The geometrical monodromy is then a Dehn-twist along this sphere and it effect in homology is given by the classical Picard-Lefschetz transformation [28] , [6] , [30] :
where δ is the homology class of the vanishing cycle. In the situation of mirror symmetry there also will be a point of degeneration with maximal unipotent monodromy. The fibre will typically have normal crossing singularities and there will be a vanishing n-torus, invariant under the monodromy.
Using the mirror equivalence Mir we get a representation
and one may ask what what sort of autoequivalences correspond to specific types of degenerations of Y . In [34] Seidel and Thomas described a type of autoequivalence in D b (X) to mirror a symplectic Dehn-twist. It is the Seidel-Thomas twist T E by a so called spherical object E of D b (X), which has the property that dim(Ext * (E, E)) = dim H * (S) and is given by the triangle
The structure sheaf O X is the basic spherical object in D b (X), but also each line bundle L ∈ Pic(X) is spherical. Another particular simple type of autoequivalence is the operation ⊗L of tensoring with a line bundle L. Note that O p ⊗ L = O p . This fits on the mirror side to the monodromy tranformation around a point of maximal unipotent monodromy, with invariant vanishing torus T.
Let us write out these transformations on the level of cohomology. Let L = O(H) be the ample generator of Pic(X). The powers 1, H, H 2 , H 3 form a basis for H ev (X, Q). With respect to this basis, the matrix T of tensoring with L is given by
as easily follows from ch(L ⊗ E) = ch(L) ∪ ch(E) = e H ∪ ch(E).
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The twist T OX on the level of cohomology is given by γ → γ − X γ ∪td(X)·1 and hence its matrix is given by
The matrix Q representing the bilinear form ·, · in this basis is given by
Now Kontsevich [26] observed the miracle that for the quintic and its mirror the matrices T and S indeed correspond to monodromy matrices of the Picard-Fuchs equation
. It has 0, 1/5 5 and ∞ as singular points. In an appropriate base, the monodromy around 0 is given by T and around 1/5
5 by S. We see that apparently the following happens: there is a point of maximal unipotent monodromy, correspronding to ⊗O(H) in Auteq(D b (X)) and there is a conifold point, corresponding to the twist along O X .
Similar things occur in all the 14 hypergeometric cases. As there are only three singular points in these cases, these two monodromies generate the monodromy group. We refer to [20] for a generalisation to Calabi-Yau's in more general toric manifolds.
Calabi-Yau spaces with Picard number one seem to be scarse. Apart from the 13 hypergeometric cases there is there is a list (not claiming completeness in any sense) by Borcea [13] containing 11 further cases. The examples are ramified covers and complete intersections in Fano-varieties with Picard-number one. We know of a few other cases. Basic invariants for such X are the degree d := H 3 , the second Chern class c 2 · H and the Euler number c 3 = χ top , of which the first two can be read off from the matrix S.
It is sometimes more convenient to work with a different representation based on the one used by C. Doran and J. Morgan (see [15] ). That basis can be obtained from the one above using the coordinate transformation given by the matrix
This yields the following representation:
. This last number has a simple interpretation as the dimension dim(H 0 (X, O(H)) of the linear system |H|.
Computation of the monodromy
Our starting point for the computation of the monodromy is the following working hypothesis
Hypothesis 1 Any differential equation of Calabi-Yau type which is strictly geometrical and for which the instanton numbers have an interpretation as counting curves on a mirror manifold, the monodromy should satisfy the following conditions: (H1) There is a point of maximal unipotent monodromy, correspronding to
⊗O(H) in Auteq(D b (X)).
(H2) There is a conifold point, corresponding to the twist along O X .
By construction all the equations in the list from [2] have a point of maximal unipotent monodromy at z = 0. The non-obvious part is to find a conifold point. We observed that in the cases where we know the conifold point the spectrum, i.e., the set of zeros of the indicial equation at that point, was {0, 1, 1, 2}. This is also suggested by Hodge theory. Therefore as a practical selection criterium, we computed the indicial equations at the singular points of all equations and found the equations with at least one singular point with spectrum {0, 1, 1, 2}.
As of the time of writing of this article there were 161 such equations in our database. In many cases there are several such points, but there are also some notable exceptions, where no such singular point exists. An example is equation 32, which is related to ζ(4) (see [3] ). For the moment, we are unable to find integral or even just rational lattices for these cases. For all the 161 equations that do have at least one singular point with spectrum {0, 1, 1, 2} we computed high precision numerical approximations for a set generators of the monodromy group. These computations were done in Maple. The first step was to determine the singular points z 1 , . . . , z ℓ and to choose a reference point p. Next we choose piecewise linear loops starting and ending at this reference point and enclosing exactly one of the critical points except the point z = ∞ (see Figure 1) .
Using the Maple-function dsolve we can numerically integrate the differential equation along these paths. It turns out to be a bit tricky to obtain the precision needed for the next steps. We used the following options: method=gear,
Figure 1: Piecewise linear loops around the critical points z i relerr=10 −15 , abserr=10 −15 and also increased Digits to 100. This yielded the monodromy matrices with respect to an arbitrary basis and produces fully filled 4 × 4-matrices with seemingly random complex entries.
At this point there is a simple consistency check that we can do. If there exists an integral lattice, the characteristic polynomial of each of the monodromies should be a polynomial with integral coefficients. As a further check, the roots of the indicial equations at the corresponding singular points, should be logarithms of the roots of the characteristic polynomial. For the MUM-point and the points with spectrum {0, 1, 1, 2} the characteristic polynomial should be (1 − λ) 4 . This provides an indication of the precision we have achieved. The next step is to try and find a simultaneous base change that makes all matrices integral, i.e., to find a monodromy invariant lattice Λ. The crucial observation is the following. The monodromy S around an A 1 -singularity has the property that rk(S − Id) = 1. The one-dimensional image of S − Id is the span of the vanishing cycle. Now choose one of the singular points with spectrum {0, 1, 1, 2} and call the monodromy around the loop enclosing this singular point S. As we are working with numerical approximations we cannot expect S − Id to have rank 1, but we can hope that the columns of the matrix S − Id are nearly proportional. In that case we can pick an arbitrary vector and apply S − Id to it. In this way we find a vector v 0 that should be a good approximation to a lattice vector.
Further lattice vectors v 1 , . . . , v k can be obtained by applying words in the numerically computed monodromy matrices to v 0 . By picking n independent vectors among the ones found in this way, we should find a basis for Λ ⊗ Q. When we transform the monodromy matrices to this basis, the resulting matrices should have rational entries. Of course this will not be exact, but we can try to find rational matrices close to the matrices that we do find. For this we used continued fractions. It may happen that we get very large denominators or that the rational approximation is not very accurate. In that case we can try another set of n independent vectors among the v i . If that is not successful, we can try another point with spectrum {0, 1, 1, 2}, if there is any. As a consistency check, we can compute the characteristic polynomials of these rational matrices and check that they have integral coefficients. As noticed above, at the MUM-point and the conifold point the characteristic polynomial should be (1 − λ) 4 , which we can also check. If any of these checks fails, we have to try again with a different basis or a different singular point with spectrum {0, 1, 1, 2}. However, it can and does happen that we try all potential conifold points and several choices of a basis in each case, but do not find a rational basis. We did find a rational basis in 130 of the 161 investigated cases.
The rational basis found in this way is still rather arbitrary. However, a major advantage is that at this point we expect to be working with the exact monodromy matrices. This allows us to do linear algebra without worrying about the extra complications of working with non exact numerical approximations. Provided that the monodromy matrices around the MUM-point and the conifold point have the right Jordan structure, we can find a new basis such that with respect to this basis they have the standard form (2) and (3). In a geometrical situation we expect the transformed matrices to be integral. This happens in 60 cases. When we have the monodromies around the MUM-point and the conifold point in the standard form, we can read off the invariants H 3 and c 2 · H and try to match the invariants with those of known Calabi-Yau spaces.
Despite our efforts to identify equivalent Calabi-Yau equations our list probably still includes some Calabi-Yau equations that correspond to the same geometrical situation. Transformations in the parameter z are a way of constructing seemingly different equations that actually describe the same geometrical situation. In a geometrical language this corresponds to pullback under a map f :
If the map f is not injective, this may increase the number of singular points. As long as the map f is unramified around the MUM-point and the conifold point it does not change the monodromies and we ought to find the same H 3 and c 2 · H. So as practical way of trying to group together the equations that correspond to the same geometry, we sort the 60 integral equations we found according to H 3 and c 2 · H. If we find several equations with the same H 3 and c 2 · H, it turns out that the genus zero instanton numbers also coincide. This is a strong indication that these equation are equivalent.
Comments on the table of Calabi-equations
In Table 1 the heading Sings denotes the number of singular point of the (first mentioned) differential equation. An additional * indicates, that an apparent singularity is present, around which there is no monodromy. The notation X(. . . ) denotes a complete intersection of the indicated degrees in the indicated manifold. Apart from the familiar 13 hypergeometric cases and the cases from complete intersection in Grassmanians that were studied in in [8] , one finds a few notable further cases. First there is the elusive 14th case, observed in [4] and [15] . Any complete intersection X(2, 12) inside P (1, 1, 1, 1, 4, 6 ) has a singular point of type A 1 /(Z/2), which does not admit a crepant resolution. The case X 2:1 −→ B 5 is the Calabi-Yau double cover of the Fano-threefold B 5 , which is nothing but the three-dimensional section of Grass(2, 5), which is no. 14 in the list of Borcea. We found a fit with the equation 51 from [2] . A mirror for this Calab-Yau is not known, but we conjecture the Picard-Fuchs equation to be the indicated one. We find similar fits for X(1, 1, 1, 1, 1, 1, 2) ⊂ X 10 : Here X 10 ⊂ P 15 is the celebrated 10-dimensional spinor variety of isotropic 4-planes in the 8-dimensional quadric.
LGrass(3, 6) = Sp(3, C)/P (α 3 ) ⊂ Grass(3, 6) is the Lagrangian Grassmanian.
is the space of 5-dimensional subspaces isotropic for a 4-form on a 7-dimensional space.
These are complete intersections inside homogeneous spaces. In principle one can calculate the Picard-Fuchs equation for the instanton numbers for these cases and verify our conjecture. The first method consist in computing the quantum cohomology of these homogeneous examples (for example by fixed point localisation) and then use the quantum Lefschetz hyperplane principle. A second method consists of finding a toric degeneration and then using polar duality. Such toric degenerations have been constructed for all spherical varieties in [1] . Both methods were used in [8] for the case of complete intersections in Grassmannians.
In his thesis [38] , F. Tonoli considers Calabi-Yau varieties in P 6 of degree 12 up to 18. The first one is the complete intersection X(2, 2, 3), the second one the 5 × 5-Pfaffian, for which we found a fit with the data from equation 99. The 7 × 7-Pfaffian was considered in [32] . The remaining three case are new CalabiYau threefolds for which we have not yet found corresponding Picard-Fuchs equations.
The column for the Euler characteristic c 3 indicates the Euler number in those cases where a geometric interpretation was available. In the other cases tried to determine it in the following way. In some cases it was possible to make the ansatz n In the database column we indicate the number of the equation in the electronic database of Calabi-Yau equations that can be found at the web address http://enriques.mathematik.uni-mainz.de/enckevort/db Up to 180 these numbers coincide with the ones used in [2] . For higher numbers one should check the source field in the electronic database. If it contains Almkvist[n] the corresponding number in [2] is n.
Some Examples
Let us now discuss a few typical examples from Table 1 in more detail.
Example 1
The first equation we want to study is equation 28 from [2] , which is given by the following operator
This differential operator has four singular points, namely 0, 1/64, 1, and ∞. The Riemann scheme is
Here the columns are the spectra, i.e., the set of solutions to the indicial equation at the singular point indicated above the line. The points 1/64 and 1 have spectrum {0, 1, 1, 2}, so they are potential conifold points. Using the algorithm discussed above we computed the monodromies around the critical points and found an integral lattice. With respect to this lattice the monodromy matrices are as follows From this, one can read off the invariants
In this case we know that the equation is the Picard-Fuchs equation of the complete intersection X(1, 1, 1, 1, 1, 1) in Grass(3, 6) and we can easily check that these numbers coincide with the ones computed from the geometry. One can easily check that T 1
64
and T 1 are of the Picard-Lefschetz form S λ,v , with the vector v given by
we have λ = 1, but for T 1 we have λ = 2. So the critical point z = 1 is not an ordinary conifold point. This λ = 2 is exactly what is needed to get integral genus one instanton numbers with the recipe from Appendix B. The first few elliptic instanton numbers that we find in this way are . So it appears that there is a RP 3 vanishing at the point 1. The derived category of coherent sheaves in a Grassmannian is reasonably well understood (see [21] ) and so one can hope to study in detail what happens in D b (X). This will be persued at another place, [39] .
Example 2
Our second example has been discussed in [32, 37] . It is interesting because there are two points with maximal unipotent monodromy both of which have a geometrical interpretation. Because our convention is to have the point of maximal unipotent monodromy that we are considering at z = 0 this example occurs twice in our list: once as 27 and once as 222.
In the former case the differential operator is given by
The Riemann scheme of equation 27 is
, where ζ 1 < ζ 2 < ζ 3 are the (real) roots of z 3 −289z 2 −57z +1. The monodromies can be determined with our usual recipe Here the monodromy operators T ζ1 , T ζ2 , and T ζ3 can be written in the PicardLefschetz form S 1,v with the vector v given by 
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The Riemann scheme of 222 also follows from that of 27
For the monodromies the relation is not so obvious. Doing the standard computation we find Again the monodromies T ζ
, and T ζ − 1 2 can be written in the PicardLefschetz form S 1,v with the vector v given by
Despite the fact that we are really dealing with the same equation in a different formulation, the monodromies look rather different. Of course the monodromy groups generated by these matrices have to be isomorphic. But it is not clear how exactly the isomorphism works.
Example 3
The next example is equation 29 from [2] . The operator is
In this case the Riemann scheme is One can check that the T ζi can be written as S 1,v with v given by
From the expressions for T and S we find H 3 = 24, c 2 · H = 72. We also have enough information to compute the elliptic instanton numbers as a function of c 3 . By equating n 1 1 = 0 we find c 3 = −116 and all the n 1 i we computed are integral. It turns out that we are lucky and that there is exactly one 1-parameter Calabi-Yau known with these invariants, namely X (1, 1, 1, 1, 1, 1, 2 ) ⊂ X 10 (see [13] ). So we conjecture that equation 29 is the Picard-Fuchs equation corresponding to this Calabi-Yau. In the same way we conjecturally identified the Picard-Fuchs equations of four more 1-parameter Calabi-Yau spaces. We labelled these equations in Table 1 by writing Conj: in front of the conjectured Calabi-Yau. Verifying these conjectures is straightforward in principle, but in practice it may not be so easy to compute the Picard-Fuchs equations of these Calabi-Yau spaces.
Example 4
As our final example we will use equation 270 (218 in the numbering from [2] ) which is given by the diffential operator 
14 The Riemann scheme is
where ζ 1 is the real root of 1296z 3 − 864z 2 + 168z − 1 and ζ 2 , ζ 3 are its complex roots with im ζ 2 < 0 and ζ 3 =ζ 2 . The monodromies can be computed and turn out to be integral T − 
We can also compute the elliptic instanton numbers. Setting n 1 1 = 0 we find c 3 = −100 and with this value of c 3 all computed n 1 d turn out to be integers. So we have a Calabi-Yau equation that as far as we can check looks like the Picard-Fuchs equation of a Calabi-Yau manifold. However, we do not know any 1-parameter Calabi-Yau with the geometric invariants that we computed. In Table 1 there are some more equations which look geometrical in every respect, but for which we have not found any Calabi-Yau yet. Note that in some cases we can show that it is not possible to choose c 3 in such a way that all elliptic instanton numbers are integral (as indicated by -in the c 3 column). That is a strong indication that at least a straightforward geometric interpretation does not exist. This depends of course on the conjecture that the Gopakumar-Vafa invariants are always integral.
Open problems
The work described in this paper is but a start and there are many open problems left. To determine an integral lattice we need to single out two singular points, where we bring the monodromies into the the standard forms T DM and S DM . When there are no singular points with spectrum {0, 1, 1, 2} we do not have a good candidate for S DM and cannot even start our procedure for determining an integral lattice. It would be interesting to see what can be done in such cases.
Although in many cases we succeeded in finding a reasonable guess for H 3 and c 2Ḣ from the equation (via the monodromy), we do not have a similar recipe for determining the Euler characteristic c 3 .
Many of the equations from the list in [2] come from Hadamard products. The singular points of a Hadamard product are given by products of the singular points of the factors. Maybe it is also possible to determine the monodromies of the Hadamard product in terms of the monodromies of the factors.
The key obstacle to computing the elliptic instanton numbers is finding the holomorphic function f (z) in (10) . Our ansatz in combination with our recipe for determining the exponents works a many cases, but it is no more than an educated guess. We should try to understand why it works and how it can be generalized.
A Orbifolds of A 1
In many examples one encounters monodromy tranformations that are not described by the usual Picard-Lefschetz formula, but rather are powers of such operations. We offer a possible explanation of this phenomonen, which is only visible on the integral level.
Consider a lattice Λ with bilinear form ·, · . For β ∈ Λ and λ ∈ Z consider the the transformation S λ,β : Λ−→Λ, S λ,β (α) = α − λ β, α β.
the corresponding singular points. When the singular point is a conifold, i.e., the monodromy is of the form S 1,v , then the exponent is generally assumed to be − 1 6 . We generalize this to − λ 6 for monodromies of the form S λ,v for arbitrary λ. When the monodromy is the identity, we put the exponent to zero. These rules already allow us to deal with many equations. However, monodromies of other types for which we do not know of a sensible guess do occur.
